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DEFORMATIONS OF EUCLIDEAN
SUPERSYMMETRIES
B.M. Zupnik∗
Abstract
We consider quantum supergroups that arise in non-anticommutative deforma-
tions of N=(12 ,
1
2) and N=(1, 1) four-dimensional Euclidean supersymmetric theo-
ries. Twist operators in the corresponding deformed algebras of superfields contain
left spinor generators. We show that non-anticommutative ⋆-products of superfields
transform covariantly in the deformed supersymmetries. This covariance guaran-
tees the invariance of deformed superfield actions of models involving ⋆-products of
superfields.
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1 Introduction
The simplest type of the space-time noncommutativity is connected with the relation
Cmn⋆ ≡ xˆ
m ⋆ xˆn − xˆn ⋆ xˆm − iϑmn = 0 (1.1)
for the coordinate operators xˆm, where ϑmn (m,n = 0, 1, 2, 3) is some constant tensor
specifying the deformation of the commutative four-dimensional coordinates xm (see, e.g.
[1, 2]). The noncommutative algebra of fields fˆ(xˆ) on this deformed space-time is for-
mally analogous to the Weyl algebra on the quantized phase space xˆ, pˆ, [pˆ, xˆ] = i~.
The noncommutative algebra A⋆ is defined as the algebra of formal polynomials in xˆ
m
factored over quadratic relation (1.1). The Weyl ordering of the operator field involves a
decomposition in terms of completely symmetrized monomials xˆ(m1 ⋆ . . . ⋆ xˆmn)
fˆ(xˆ) =
∞∑
n=0
cm1...mn xˆ
(m1 ⋆ . . . ⋆ xˆmn), (1.2)
where cm1...mn are numerical coefficients that are symmetric in m1, . . .mn. We can use the
correspondence of this ordered operator function and an ordinary smooth function f(x)
w[fˆ(xˆ)] = f(x) =
∞∑
n=0
cm1...mnx
m1 . . . xmn , (1.3)
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which we call the commutative image of fˆ(xˆ). The map inverse to the operator represen-
tation is denoted by w−1[f(x)] = fˆ(xˆ).
A realization of this noncommutative algebra A⋆ that is popular in field theory can be
defined on smooth functions f(x) and g(x) of commutative coordinates using the following
pseudolocal representation of the noncommutative product:
w[fˆ ⋆ gˆ] = f ⋆ g = fePg = fg + i
2
ϑmn∂mf∂ng −
1
8
ϑmnϑrs∂m∂rf∂n∂sg + . . . ,
fPg = i
2
ϑmn∂mf∂ng, (1.4)
where ∂m = ∂/∂xm. All products of the functions and their partial derivatives in the
right-hand side are commutative. The formula (fˆ ⋆ gˆ)(xˆ) = w−1[(f ⋆ g)(x)] allows con-
structing the ordered decomposition of the noncommutative product of operator functions
via the power series of products of smooth functions. Basic commutational relation (1.1)
is identically satisfied in representation (1.4)
xm ⋆ xn = xmxn + i
2
ϑmn. (1.5)
Very many results of investigations in noncommutative field theory are obtained exactly in
this convenient field theory representation using arbitrary-order derivatives of local fields,
although all properties of the theory can be reformulated in the operator representation.
Let us consider a simple ϑ-noncommutative interaction of the real scalar field φ(x) in
the noncommutative algebra A⋆
S⋆ =
∫
d4xL⋆(φ) =
1
2
∫
d4x(ηmn∂mφ ⋆ ∂nφ−M
2φ ⋆ φ− λφ4⋆), (1.6)
where M and λ are the mass and coupling constant, respectively, ηmn is the Minkowski
space metric, and φ4⋆ = φ ⋆ φ ⋆ φ ⋆ φ. In representation (1.4), quadratic terms contain the
standard undeformed free action and additional vanishing integrals of total derivatives.
The nonlinear interaction depends manifestly on ϑmn, and is therefore not invariant with
respect to the standard Lorentz transformation. Despite this breaking of the Lorentz
invariance, all models of the ϑ-noncommutative field theory use the following selection
rule: Basic noncommutative (primary) fields transform as representations of the Poincare´
group, and interactions of these fields are constructed on the basis of algebra A⋆. With the
⋆-products being noncovariant with respect to the Lorentz group, this rule has no simple
interpretation in the framework of usual symmetries.
As shown in [7]-[12], the selection rule follows from the invariance of the noncom-
mutative field theory under the t-deformed quantum Poincare´ group involving the twist
operator
F = exp( i
2
ϑmn∂m ⊗ ∂n). (1.7)
Note that other variants of quantum-group deformations of the Poincare´ group were pre-
viously been considered [3]-[5]. In particular, various forms of the Drinfeld twist operator
[6] were widely used in these investigations. Nevertheless, the corresponding field models
have not been studied in as much detail as the models based on relation (1.1).
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In sect. 2, we consider the t-deformed Lorentz transformations for the ⋆-product of
primary fields using local relations between the differential operators on commutative and
noncommutative algebras in [10, 11].
Deformations of supersymmetric theories are characterized by a Poisson bracket APB
on the superfields A and B, where the operator P is a general quadratic form in terms of
derivatives with respect to the even and odd coordinates in the superspace [13, 14]. Impor-
tant classes of nilpotent Q-deformations of the Euclidean supersymmetries were found in
[15] for the case of N=(1
2
, 1
2
), D = 4 supersymmetry and in [16, 17] for the N=(1, 1), D = 4
supersymmetry. The deformation operators P for these models are constructed from the
left spinor generators of supersymmetries Q. They preserve superfield constraints for
the undeformed supersymmetry representations, for instance, the chirality or Grassmann
analyticity constraints. The Q-deformed superfield theories [15]-[19] use ⋆-products of
undeformed primary superfields in the pseudolocal representation. Deformed theories are
not invariant under the action of generators of the basic Euclidean supersymmetry that
do not commute with P .
The interpretation of deformed Euclidean supersymmetries in the framework of the
Hopf algebras was introduced in [21]. Section 3 is devoted to discussing of the twist-
deformed N=(1
2
, 1
2
) supersymmetry. The non-anticommutative ⋆-product in the deformed
superalgebra is defined on supercommutative superfields in the ordinary superspace. Pri-
mary superfields of this model are transformed as representations of N=(1
2
, 1
2
) supersym-
metry realized by the first-order differential operators. The twist operator F for the
nilpotent Q-deformation determines the coproduct in the t-deformed N=(1
2
, 1
2
) supersym-
metry and also the ⋆-product in the corresponding noncommutative algebra of superfields.
We formulate the local covariance principle in this algebra: primary superfields A,B and
their ⋆-product A ⋆ B have the same transformations in the t-deformed supersymmetry.
Generators of the deformed transformations in the operator representation are uniquely
defined by the twist operator and the corresponding undeformed supersymmetry gener-
ator. For instance, the deformed generators of the right supersymmetry transformations
contain deformation constants and the second-order Grassmann derivatives in the oper-
ator representation, although the Lie superalgebra remains undeformed. We show that
the deformed superfield actions using the ⋆-product preserve the invariance under the
t-deformed supersymmetry.
In sect. 4, we consider the twist operator defining the coproduct in the t-deformed
N=(1, 1) supersymmetry and the corresponding ⋆-product in the non-anticommutative
algebra of harmonic superfields. The deformed superfield actions constructed in the
N=(1, 1) harmonic superspace [18]-[20] partially violate the standard supersymmetry,
but these superfield actions are invariant under the transformations of the t-deformed
N=(1, 1) supersymmetry. It is notable that the quadratic superfield terms of the action
also preserve the ordinary supersymmetry.
It should be remarked that the quantum-group deformations of the supersymmetry
with more complex superfield geometry were previously considered [23], but we do not
discuss these models in our work. The t-deformed supersymmetries in the superfield
theories were briefly described in [22].
3
2 Deformed Poincare´ group
We review the basic applications of the t-deformed Poincare´ symmetry [7]-[11] in the
noncommutative field theory. The corresponding twist operator F = exp(P) (1.7) acts
on tensor products of functions
F ◦ f ⊗ g = f ⊗ g + P ◦ f ⊗ g + 1
2
P2 ◦ f ⊗ g + . . . ,
P ◦ f ⊗ g = i
2
ϑmn∂mf ⊗ ∂ng. (2.1)
The rigorous definition of noncommutative product (1.4) is related to the operator F
f ⋆ g ≡ µ⋆ ◦ f ⊗ g = µ ◦ F ◦ f ⊗ g, µ ◦ f ⊗ g = fg, (2.2)
where the map µ defines the product in the commutative algebra of functions A(R4), and
the analogous map µ⋆ = µ◦F defines the product in the algebra A⋆. The twist operator is
analogous to the pseudolocal operator eP (1.4) in the field theory constructions, and the
tensor product can be treated as a nonlocal product of ordinary fields in different points
f(x1)g(x2).
We consider a local representation of the generators of the Poincare´ group
Pm = ∂m, Mmn = xn∂m − xm∂n (2.3)
and the corresponding infinitesimal transformations of the scalar field
δcφ = −c
mPmφ = −Pcφ, δωφ = −
1
2
ωmnMmnφ = −Mωφ, (2.4)
where cm, ω
mn are the infinitesimal parameters of translations and Lorentz transforma-
tions. A finite transformation of the form of the scalar function (active Poincare´ trans-
formation) can be represented as
φ′(x) = φ(x˜) = e−Mωe−Pcφ(x), x˜m = e−Mω(xm − cm). (2.5)
The transformation operator e−Mωe−Pc belongs to the universal enveloping bialgebra of
functions of generators U(Pm,Mmn), where the associative product of generators and
coproduct ∆ : U → U ⊗ U are defined. The coproduct acts trivially on unity and the
generators of U(Pm,Mmn)
∆(1) = 1⊗ 1, ∆(Pc) = Pc ⊗ 1 + 1⊗ Pc, ∆(Mω) = Mω ⊗ 1 + 1⊗Mω, (2.6)
and the action of ∆ on functions of generators is defined accordingly, for instance,
∆(MωMω) = ∆(Mω)∆(Mω), ∆(e
−Mω) = e−Mω ⊗ e−Mω .
The coproduct gives the action of generators and their functions on the tensor product of
fields
∆(Mω) ◦ f ⊗ g =Mωf ⊗ g + f ⊗Mωg. (2.7)
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Thus, the standard Leibniz rule for the infinitesimal Lorentz transformation in the com-
mutative algebra follows from the formula for ∆(Mω)
δω(fg) = µ ◦ δω(f ⊗ g) = (δωf)g + fδωg. (2.8)
This rule is postulated in the commutative field theory, but deformations of the coproduct
and the corresponding transformation laws of the products of functions are possible in
the noncommutative case.
It is evident that the noncommutative product transforms noncovariantly in the ordi-
nary Lorentz group
δω(f ⋆ g) = (δωf) ⋆ g + (f ⋆ δωg) 6= −Mω(f ⋆ g). (2.9)
By definition, the t-deformation of the Poincare´ group: U(Pm,Mmn) → Ut(Pm,Mmn)
does not change the Lie algebra of generators, and we can therefore use the standard
representation (2.3) in Ut. The coproduct in Ut(Pm,Mmn) is deformed for generators
Mmn
∆t(Pc) = exp(−P)∆(Pc) exp(P) = ∆(Pc),
∆t(Mω) = exp(−P)∆(Mω) exp(P) = ∆(Mω)
+ i
2
ωmnϑmsPn ⊗ P
s − i
2
ωmnϑrnP
r ⊗ Pm. (2.10)
The deformed transformations of fields in the noncommutative algebra A⋆ was de-
scribed in details in the recent works of the Munchen group [10, 11]. These authors con-
structed a map between differential operators on the commutative and noncommutative
algebras of functions. Let ξ = ξm(x)∂m be the first-order differential operator on A(R
4)
containing an arbitrary function ξm(x); for instance, the infinitesimal Lorentz transfor-
mation is defined by the function ξm = ωmnxn. One can construct the corresponding
operator Xˆξ on the noncommutative algebra A⋆ satisfying the simple relation
(ξf) = µ ◦ (ξm ⊗ ∂m)(1⊗ f) = µ⋆ exp(−P)(ξ
m ⊗ ∂m)(1⊗ f) = ξ
m ⋆ ∂mf
− i
2
ϑrs∂rξ
m ⋆ ∂s∂mf −
1
8
ϑrsϑpq∂r∂pξ
m ⋆ ∂s∂q∂mf +O(ϑ
3) = (Xˆξ ⋆ f). (2.11)
Note that in the general case Xˆξ contains derivatives of arbitrary orders and acts, by
definition, on any noncommutative functions or their commutative images.
The local generators Pm andMmn (2.3) acting on commutative images f(x) correspond
to the following operators on the noncommutative functions fˆ(xˆ) in algebra A⋆:
∂mf = (Pˆm ⋆ f), (Pˆm ⋆ fˆ) = w
−1(Pˆm ⋆ f),
(Mmnf) = (Mˆmn ⋆ f), (Mˆmn ⋆ fˆ) = w
−1(Mˆmn ⋆ f). (2.12)
We note that the translation generator has the standard form, and the generator of the
Lorentz transformation in the operator representation contains second-order derivatives
Mˆmn = xn ⋆ ∂m − xm ⋆ ∂n +
i
2
ηmrϑ
rs∂s∂n −
i
2
ηnrϑ
rs∂s∂m,
Mˆω =
1
2
ωmnMˆmn = ω
mnxn ⋆ ∂m +
i
2
ωmnηmrϑ
rs∂s∂n. (2.13)
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It is natural to use operators Pˆm = ∂m and Mˆmn in the operator representation of the
noncommutative algebra A⋆ on functions fˆ(xˆ), for instance,
(Mˆω ⋆ xˆ
m ⋆ xˆn) = ηsr[ω
msxˆr ⋆ xˆn + ωnsxˆm ⋆ xˆr − i
2
ωmsϑrn + i
2
ωnsϑrm]. (2.14)
It is easy to verify that the quantity Cmn⋆ (1.1) is covariant with respect to the trans-
formations of the deformed Lorentz group
(Mˆω ⋆ C
mn
⋆ ) = ω
msηsrC
rn
⋆ + ω
nsηsrC
mr
⋆ . (2.15)
The anticommutator Amn⋆ = xˆ
m⋆ xˆn+xˆn⋆ xˆm also transforms covariantly in Ut(Pm,Mmn).
As follows from relations (2.12), the operators Pˆm and Mˆmn form the Lie algebra
(and the corresponding associative algebra) isomorphic to the standard algebra with the
generators Pm and Mmn
(Mˆmn ⋆ Mˆrs ⋆ fˆ) = (MmnMrsf), (Pˆs ⋆ Mˆmn ⋆ fˆ) = (PsMmnf). (2.16)
Coproduct (2.10) acts on tensor products of functions as
−1
2
ωmn∆t(Mmn) ◦ f ⊗ g = (δωf)⊗ g + f ⊗ (δωg)
+ i
2
(ωmnϑns − ϑ
mnωns)∂mf ⊗ ∂
sg. (2.17)
We apply the map µ⋆ (2.2) to this relation and obtain the formula for the covariant action
of the deformed Lorentz transformation in the algebra A⋆
δˆω ⋆ (f ⋆ g) = −
1
2
ωmnµ⋆ ◦∆t(Mmn) ◦ f ⊗ g = (δωf) ⋆ g + f ⋆ (δωg)
+ i
2
(ωmnϑns − ϑ
mnωns)∂mf ⋆ ∂
sg = −Mω(f ⋆ g). (2.18)
The last relation can be verified using the pseudolocal formula (1.4). Thus, the noncom-
mutative product of scalar fields transforms as the scalar in Ut(Pm,Mmn). It should be
noted that the corresponding finite transformations of f ⋆ g in Ut(Pm,Mmn) have a form
analogous to the transformation (2.5) of the primary scalar fields
(f ⋆ g)′(x) = (e−Mωe−Pcf ⋆ g)(x). (2.19)
In this pseudolocal representation, we consider the active transformations of all field ob-
jects in the fixed point and do not discuss the dual transformations of the noncommutative
product of fields together with the coordinate transformations 1.
Applying the map µ to (2.17) yields a noncovariant action of Ut(Pm,Mmn) on the
commutative product of fields
δˆω ⋆ (fg) = −
1
2
ωmnµ ◦∆t(Mmn) ◦ f ⊗ g = (δωf)g + f(δωg)
+ i
2
(ωmnϑns − ϑ
mnωns)∂mf∂
sg 6= −1
2
ωmnMmn(fg). (2.20)
Four-dimensional integrals of the ⋆-products of fields (1.6) are invariant under the
Ut(Pm,Mmn) symmetry. The quadratic (free) terms also have the standard Poincare´
invariance.
1The action of the dual quantum Poincare´ group was discussed in refs.[7, 12].
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3 Deformation of N=(12,
1
2) supersymmetry
In this section, we consider the simplest Euclidean supersymmetry SUSY(1
2
, 1
2
) generaliz-
ing the ISO(4) symmetry of the space R4. We use the chiral coordinates zM = (ym, θ
α, θ¯α˙)
in the Euclidean N=(1
2
, 1
2
) superspace, where m = 1, 2, 3, 4, α = 1, 2 and α˙ = 1˙, 2˙ are
the vector and spinor indices of the group SU(2)L×SU(2)R. Note that these coordinates
are pseudoreal with respect to special conjugation [16]
(ym)
∗ = ym, (θ
α)∗ = εαβθ
β, (θ¯α˙)∗ = εα˙β˙ θ¯
β˙, (AB)∗ = B∗A∗ (3.1)
for any superfields A(z) and B(z). For instance, one can use the reality condition for the
even Euclidean chiral superfield: [φ(y, θ)]∗ = φ(y, θ). The central and right 4D coordinates
can be expressed via the chiral coordinates
xm = ym − iθσmθ¯, y¯m = ym − 2iθσmθ¯, (3.2)
where (σm)αα˙ are the Weyl matrices of the group SO(4). Generators of the supergroup
SUSY(1
2
, 1
2
) have the following form:
Lβα = L
β
α(y) + L
β
α(θ) =
1
4
(σmσ¯n)
β
α(yn∂m − ym∂n) + θ
β∂α −
1
2
δβαθ
γ∂γ ,
Rβ˙α˙ = R
β˙
α˙(y) +R
β˙
α˙(θ¯) =
1
4
(σ¯mσn)
β˙
α˙(ym∂n − yn∂m) + θ¯
β˙∂¯α˙ −
1
2
δβ˙α˙θ¯
γ˙∂¯γ˙ ,
O = θα∂α − θ¯
α˙∂¯α˙, Qα = ∂α, Q¯α˙ = ∂¯α˙ − 2iθ
α∂αα˙, Pm = ∂m, (3.3)
where (σ¯m)
α˙α = εαβεα˙β˙(σm)ββ˙
2, and ∂M = (∂m, ∂α, ∂¯α˙) are the partial derivatives in the
chiral coordinates
∂myn = δmn, ∂αα˙ = (σm)αα˙∂m, ∂αθ
β = δβα, ∂¯α˙θ¯
β˙ = δβ˙α˙. (3.4)
The generators Lβα, R
β˙
α˙ andO correspond to the automorphism group SU(2)L×SU(2)R×O(1,1).
Let us consider even combinations of the supersymmetry generators and the corre-
sponding transformation parameters cm, λ
α
β , ρ
α˙
β˙
, a, ǫα and ǫ¯α˙
Pc = cmPm, aO, Lλ = λ
α
βL
β
α, Rρ = ρ
α˙
β˙
Rβ˙α˙, Qǫ = ǫ
αQα, Q¯ǫ¯ = ǫ¯
α˙Q¯α˙. (3.5)
In studying the deformations, it is convenient to divide the operators of SUSY(1
2
, 1
2
)
transformations into two sets
δA = (δg + δG)A = −(g +G)A, g = Pc +Rρ +Qǫ, G = Lλ + aO + Q¯ǫ¯. (3.6)
We let S(4|2, 2) and C(4|2, 0) denote the standard algebras of general and chiral su-
perfields, respectively. The product in these algebras is supercommutative for superfields
A(z) and B(z) with the fixed Z2 parities p(A) and p(B)
AB = (−1)p(A)p(B)BA. (3.7)
2We use the following conventions for the antisymmetric symbols :
εαβε
βγ = δγα, εα˙β˙ε
β˙γ˙ = δγ˙α˙.
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This product is defined formally by the bilinear map µ
µ ◦ A⊗ B = A(z)B(z). (3.8)
In field theory, the tensor product corresponds to a nonlocal product of superfields
A(z1)B(z2) defined on independent sets of coordinates, and µ can then be interpreted
as providing an identification of z1 and z2.
The coproduct is trivial for the generators of SUSY(1
2
, 1
2
)
∆(g) = g ⊗ 1 + 1⊗ g, ∆(G) = G⊗ 1 + 1⊗G. (3.9)
This coproduct defines the action of the supersymmetry on the tensor product of super-
fields
δ(A⊗ B) = −∆(g +G)(A⊗ B) = δA⊗ B + A⊗ δB (3.10)
and yields the standard Leibniz rule for supersymmetry transformations on the local
product of superfields
δ(AB) = µ ◦ δ(A⊗ B) = (δA)B + AδB. (3.11)
A non-anticommutative deformation of the coordinates of the Euclidean N=(1
2
, 1
2
)
superspace zˆ = (ym, θˆ
α, θ¯α˙) was considered in [15]. The Clifford coordinate of the deformed
superspace θˆα satisfies the simple relations
T αβ = θˆα ⋆ θˆβ + θˆβ ⋆ θˆα − Cαβ = 0, (3.12)
where Cαβ are some constants, and the coordinates ym, θ¯
α˙ remain undeformed
[θˆα, ym] = [θ¯
α˙, ym] = [ym, yn] = 0, {θˆ
α, θ¯α˙} = {θ¯α˙, θ¯β˙} = 0. (3.13)
The canonical decomposition of the ordered operator superfield Aˆ(zˆ) is based on the
assumption of antisymmetrization in θˆα
Aˆ(y, θˆ, θ¯) = r(y, θ¯) + θˆαχα(y, θ¯) + εαβ θˆ
α ⋆ θˆβs(y, θ¯). (3.14)
Non-anticommutative deformations of S(4|2, 2) and C(4|2, 0) are denoted by S⋆(4|2, 2)
and C⋆(4|2, 0).
In the pseudolocal representation, the noncommutative superfield Aˆ(zˆ) corresponds to
the supercommutative image A(z) in the undeformed superspace
w[Aˆ(y, θˆ, θ¯)] = A(z) = r(y, θ¯) + θαχα(y, θ¯) + εαβθ
αθβs(y, θ¯). (3.15)
The corresponding ⋆-product of superfields A(z) and B(z) contains the left supersymme-
try generators Qα
w[Aˆ ⋆ Bˆ] = (A ⋆ B)(z) = AePB = AB − 1
2
(−1)p(A)CαβQαAQβB
− 1
32
CαβCαβQ
2AQ2B, (3.16)
APB = −1
2
(−1)p(A)CαβQαAQβB, P
3 = 0,
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where P is the nilpotent bidifferential operator and Q2 = εβαQαQβ . In the right-hand side
of this formula, all products of superfields and their derivatives are supercommutative.
Using decompositions of these products in powers of θα, we can easily construct the
ordered decomposition of the operator product (Aˆ ⋆ Bˆ)(zˆ) = w−1[(A ⋆ B)(z)] in terms of
θˆα. Relation (3.12) is satisfied automatically in representation (3.16).
It is evident that the noncommutative algebra S⋆(4|2, 2) is noncovariant under trans-
formations of the undeformed supersymmetry δG (3.6), for instance,
δǫ¯(A ⋆ B) = −(ǫ¯
α˙Q¯α˙A) ⋆ B − A ⋆ ǫ¯
α˙Q¯α˙B 6= −ǫ¯
α˙Q¯α˙(A ⋆ B), (3.17)
although the operator δg acts covariantly
δg(A ⋆ B) = (−gA) ⋆ B −A ⋆ (gB) = −g(A ⋆ B). (3.18)
The twist operator F = exp(P) in this superspace was considered in [21] (see, also
[24, 25])
P = −1
2
CαβQα ⊗Qβ, P(A⊗ B) = −
1
2
(−1)p(A)CαβQαA⊗QβB,
F(A⊗ B) = A⊗ B − 1
2
(−1)p(A)CαβQαA⊗QβB −
1
32
CαβCαβQ
2A⊗Q2B. (3.19)
The operator P is real with respect to the Hermitian conjugation including the map (3.1)
on the supersymmetry generators Q∗α = Q
α and the transposition
P∗ = −1
2
(Cαβ)∗Q∗β ⊗Q
∗
α = P, (3.20)
if the condition (Cαβ)∗ = εαρεβσC
ρσ is satisfied. The reality of the Poisson bracket follows
from this property
(APB)∗ = µ ◦ P∗(B∗ ⊗ A∗) = B∗PA∗. (3.21)
The bilinear map µ⋆ in S⋆(4|2, 2) can be defined via the twist operator
A ⋆ B ≡ µ⋆ ◦ A⊗ B = µ ◦ exp(P)A⊗B. (3.22)
By analogy with the map between differential operators on the commutative and non-
commutative algebras of functions (2.11), the map of the k-th order differential operator
D = ξM1...Mk(z)∂Mk . . . ∂M1 on the supercommutative algebra S(4|2, 2) to the differential
operator XˆD on S⋆(4|2, 2) can be easily defined
(DA) = µ ◦ ξM1...Mk ⊗ ∂Mk . . . ∂M1A = µ⋆ ◦ exp(−P)ξ
M1...Mk ⊗ ∂Mk . . . ∂M1A
= ξM1...Mk ⋆ ∂Mk . . . ∂M1A +
1
2
(−1)p(D)CαβQαξ
M1...Mk ⋆ ∂Mk . . . ∂M1QβA
− 1
32
CαβCαβQ
2ξM1...Mk ⋆ ∂Mk . . . ∂M1Q
2A = (XˆD ⋆ A), (3.23)
where p(D) is the Z2 parity of the operatorD. The operator XˆD includes derivatives of the
orders k, k+1 and k+2. The differential operators on S(4|2, 2) form an associative algebra,
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and the map D → XˆD generates the isomorphic algebra of the differential operators on
S⋆(4|2, 2)
(D1D2A) = (XˆD1 ⋆ XˆD2 ⋆ A). (3.24)
In general, the image Xˆξ for the first-order operator ξ = ξ
M(z)∂M contains terms with
derivatives of the first, second and third orders in S⋆(4|2, 2)
(∂ˆM ⋆ A) = ∂MA, (∂ˆM ⋆ z
N) = δN
M
,
(Xˆξ ⋆ A) = (ξA) = µ⋆ ◦ exp(−P)(ξ
M(z)⊗ ∂M)(1⊗A) = ξ
M(z) ⋆ ∂MA
+1
2
(−1)p(ξ)CαβQαξ
M(z) ⋆ ∂MQβA−
1
32
CαβCαβQ
2ξM(z) ⋆ ∂MQ
2A. (3.25)
The noncommutative images of the operators Q¯α˙ and L
β
a (3.3) are the second-order dif-
ferential operators in S⋆(4|2, 2):
( ̂¯Qα˙ ⋆ A) = (∂¯α˙ − 2iθα∂αα˙ + iCαβ∂αα˙Qβ) ⋆ A = Q¯α˙A,
(Lˆβα ⋆ A) = (L
β
α −
1
2
CβγQγQα) ⋆ A = L
β
αA, (3.26)
while the operators Pm, R
β˙
α˙ and O preserve their form under this map, for instance,
(OA) = (θα∂α − θ¯
α˙∂¯α˙) ⋆ A. (3.27)
The additional term in Oˆ vanishes, CαβQαQβ = 0.
Expression (3.23) includes the differentiation and the ⋆-product in the pseudolocal
representation; however, this formula allows defining the action of the corresponding
operator (XˆD ⋆ Aˆ) = w
−1[(XˆD ⋆ A)] on non-anticommutative superfields in an arbitrary
representation of the algebra S⋆(4|2, 2). In the operator representation, it is easy to verify
that the quantity T αβ (3.12) is covariant under the action of the deformed generators
( ̂¯Qα˙ ⋆ T αβ) = 0, (Lˆρσ ⋆ T αβ) = δασT ρβ + δβσT αρ − δρσT αβ. (3.28)
According to relation (3.24), the deformed generators on S⋆(4|2, 2) form the Lie su-
peralgebra isomorphic to the undeformed Lie superalgebra of generators (3.3).
The coproduct ∆t(G) = e
−P∆(G)eP in the deformed supersymmetry SUSYt(
1
2
, 1
2
) is
changed on some of the generators
∆t(Q¯ǫ¯) = Q¯ǫ¯ ⊗ 1 + 1⊗ Q¯ǫ¯ + iǫ¯
α˙Cαβ(∂αα˙ ⊗Qβ −Qα ⊗ ∂βα˙), (3.29)
∆t(Lλ) = Lλ ⊗ 1 + 1⊗ Lλ +
1
2
Cρσ(λαρQα ⊗Qσ + λ
α
σQρ ⊗Qα), (3.30)
∆t(O) = O ⊗ 1 + 1⊗O − C
αβQα ⊗Qβ . (3.31)
The coproduct is not deformed on the generators Rβ˙α˙, Pm and Qα.
By definition, the action of SUSYt(
1
2
, 1
2
) on a primary superfield Aˆ in an arbitrary
representation is generated by the undeformed supersymmetry transformations of the
supercommutative image A(z)
δˆ ⋆ A = −(g +G)A = −(gˆ + Gˆ) ⋆ A, (3.32)
δˆ ⋆ Aˆ = w−1[δˆ ⋆ A] = −(gˆ + Gˆ) ⋆ Aˆ,
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where relations between operators and superfields in different representations are used.
The deformed coproduct ∆t(G) in SUSYt(
1
2
, 1
2
) determines transformations of the non-
commutative product in the algebra S⋆(4|2, 2)
δˆǫ¯ ⋆ (A ⋆ B) = −µ⋆ ◦∆t(Q¯ǫ¯)A⊗ B = −(Q¯ǫ¯A) ⋆ B − A ⋆ Q¯ǫ¯B
−iǫ¯α˙Cαβ[(−1)p(A)∂αα˙A ⋆ QβB −QαA ⋆ ∂βα˙B], (3.33)
δˆλ ⋆ (A ⋆ B) = −µ⋆ ◦∆t(Lλ)A⊗B = −(LλA) ⋆ B − A ⋆ LλB
−1
2
(−1)p(A)Cρσ(λαρQαA ⋆ QσB + λ
α
σQρA ⋆ QαB), (3.34)
δˆa ⋆ (A ⋆ B) = −a(OA) ⋆ B − aA ⋆ (OB) + a(−1)
p(A)CαβQαA ⋆ QβB. (3.35)
The appearance of terms with Cαβ in the transformations of A ⋆ B can be treated as
a deformation of the Leibniz rules for δˆǫ¯, δˆλ and δˆa. It is not difficult to show that these
relations yield the covariance of the noncommutative product
δˆG ⋆ (A ⋆ B) = −G(A ⋆ B), (3.36)
which transforms similarly to primary superfields A and B (3.32) in SUSYt(
1
2
, 1
2
). For
instance, the formula δˆǫ¯ ⋆ (A ⋆ B) = −Q¯ǫ¯(A ⋆ B) is derived from eq.(3.33) using the
relations
−Q¯ǫ¯(A ⋆ B) = −[Q¯ǫ¯, (Ae
PB)] = −(Q¯ǫ¯A)e
PB − A[Q¯ǫ¯, e
P ]B −AeP (Q¯ǫ¯B),
−A[Q¯ǫ¯, e
P ]B = −iǫ¯α˙Cαβ [(−1)p(A)∂αα˙A ⋆ QβB −QαA ⋆ ∂βα˙B]. (3.37)
We note that superfield AB is a noncovariant quantity in SUSYt(
1
2
, 1
2
). For example,
it is easy to define noncovariant actions of the operators δˆǫ¯ and δˆλ on the ordinary product
of even chiral superfields
δˆǫ¯ ⋆ (φ1φ2) ≡ −µ ◦∆t(Q¯ǫ¯)φ1 ⊗ φ2 = −Q¯ǫ¯(φ1φ2)− iǫ¯
α˙Cαβ(∂αα˙φ1Qβφ2
−Qαφ1 ∂βα˙φ2) = δˆǫ¯(a1a2) + θ
αδˆǫ¯(a1ψ2α + a2ψ1α) +O(θ
2),
δˆλ ⋆ (φ1φ2) ≡ −µ ◦∆t(Lλ)φ1 ⊗ φ2 = −λ
α
βL
β
α(φ1φ2)
−1
2
Cρσ(λαρQαφ1Qσφ2 + λ
α
σQρφ1Qαφ2) = δˆλ(a1a2) +O(θ). (3.38)
The first terms in these formulas coincide with the transformations of the undeformed
supersymmetry. Using the θ-decomposition of these superfield formulas
φi = ai + θ
αψiα + θ
2fi, (3.39)
Qαφi = ψiα + 2θαfi, Q
2φi = −4fi
one can obtain the deformed transformations of component fields, for instance,
δˆǫ¯(a1a2) = −iǫ¯
α˙Cαβ(∂αα˙a1 ψβ2 − ψα1∂βα˙a2),
δˆλ(a1a2) = −λ
α
βL
β
α(y)(a1a2)−
1
2
Cρσ(λαρψα1ψσ2 + λ
α
σψρ1ψα2). (3.40)
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The expansion of the ⋆-product of two chiral superfields in θα depends on the constants
Cαβ
Φ12 = φ1 ⋆ φ2 = B + θ
αΨα + θ
2F, (3.41)
B = a1a2 −
1
2
Cαβψ1αψ2β −
1
2
CαβCαβf1f2,
Ψα = a1ψ2α + a2ψ1α − Cαβ(f1ψ
β
2 − f2ψ
β
1 ),
F = a1f2 + a2f1 −
1
2
ψα1ψ2α. (3.42)
These relations generate the deformed tensor calculus for the product of the chiral compo-
nent multiplets. The transformations of the composed components (3.41) in the deformed
supersymmetry are completely analogous to the transformations of the primary compo-
nent fields ai, ψαi and fi
δˆǫ¯B = 0, δˆǫ¯Ψα = −2iǫ¯
α˙∂αα˙B, δˆǫ¯F = −iǫ¯
α˙∂αα˙Ψ
α,
δˆλB = −λ
α
βL
β
α(y)B, δˆλΨγ = λ
α
γΨα − λ
α
βL
β
α(y)Ψγ, δˆλF = −λ
α
βL
β
α(y)F. (3.43)
These transformations are compatible with the noncovariant transformations of the prod-
ucts of components (3.40).
The non-anticommutative deformation of the Euclidean model with an arbitrary num-
ber of chiral (antichiral) superfields and gauge superfields V (z) involves ⋆-products of these
superfields in the superfield action [15]. Each term of the ⋆-polynomial decomposition of
this action is separately invariant with respect to the transformations of SUSYt(
1
2
, 1
2
), and
the quadratic terms are also invariant under the ordinary supersymmetry.
4 Deformed N=(1, 1) supersymmetry
Nilpotent deformations of the Euclidean N=(1, 1) supersymmetry were considered in the
framework of the harmonic-superspace formalism [16, 17] using the SU(2)/U(1) harmonics
u±i and the chiral superspace coordinates
zM = (ym, θ
α
k , θ¯
α˙k) , ym = xm + iθkσmθ¯
k, (4.1)
where xm are the central 4D coordinates. Standard conjugation of these coordinates
changes positions of all spinor indices
ym = ym, θαk = θ
k
α, θ¯
α˙k = −θ¯α˙k (4.2)
and in particular preserves the invariance under the SU(2) automorphisms acting on index
k. In the same superspace, the alternative pseudoconjugation can be defined as [16]
(ym)
∗ = ym, (θ
α
k )
∗ = θαk, (θ¯
α˙k)∗ = θ¯kα˙, (4.3)
which does not change the position of the SU(2)-index k. The spinor derivatives Dkα and
D¯α˙k in these coordinates are given by
Dkα = ∂
k
α + 2iθ¯
α˙k∂αα˙, D¯α˙k = ∂¯α˙k. (4.4)
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The even part of the harmonic superspace R4×S2 has a dimension 4+2; it is convenient
to use separate symbols for the left and right odd dimensions of the Grassmann coordinates
of the general superspace (4,4), the chiral superspace (4,0), and the analytic superspace
(2,2), respectively. We use symbol S(4, 2|4, 4) for the supercommutative algebra of general
harmonic superfields and S⋆(4, 2|4, 4) for the corresponding non-anticommutative algebra.
We use the following representation of the SUSY(1,1) supersymmetry generators as
the differential operators on the algebra S(4, 2|4, 4):
T kl = −θ
α
l ∂
k
α +
1
2
δkl θ
α
j ∂
j
α + θ¯
α˙k∂¯α˙l −
1
2
δkl θ¯
α˙j∂¯α˙j − u
±
l ∂
∓k + 1
2
δkl u
±
j ∂
∓j ,
Lβα = L
β
α(y) + θ
β
k∂
k
α −
1
2
δβαθ
γ
k∂
k
γ , R
β˙
α˙ = R
β˙
α˙(y) + θ¯
β˙k∂¯α˙k −
1
2
δβ˙α˙θ¯
γ˙k∂¯γ˙k,
O = θαk∂
k
α − θ¯
α˙k∂¯α˙k, Q
k
α = ∂
k
α, Q¯α˙k = ∂¯α˙k − 2iθ
α
k ∂αα˙, Pm = ∂m, (4.5)
where Lβα(y) and R
β˙
α˙(y) are defined in (3.3) and the partial derivatives satisfy the relations
∂myn = δmn, ∂
i
αθ
β
k = δ
i
kδ
b
α, ∂¯α˙iθ¯
β˙k = δki δ
β˙
α˙, ∂
∓lu±k = δ
l
k, . (4.6)
To study deformations, it is convenient to separate the SUSY(1,1) transformations
into two parts
δgA = −gA, δGA = −GA, (4.7)
using the following combinations of generators and the corresponding parameters:
g = Pc +Rρ +Qǫ, G = Tu + Lλ + Q¯ǫ¯ + aO, (4.8)
Pc = cmPm, Tu = u
k
l T
l
k, Lλ = λ
α
βL
β
α, Rρ = ρ
α˙
β˙
Rβ˙α˙, Qǫ = ǫ
α
kQ
k
α, Q¯ǫ¯ = ǫ¯
α˙kQ¯α˙k.
The analytic coordinates of the harmonic superspace (xA, θ
±, θ¯±) can be defined using
the harmonic projections of the Grassmann coordinates θ±α = u±k θ
αk and θ¯±α˙ = u±k θ¯
α˙k.
The corresponding representation of the spinor and harmonic derivatives can be found in
[16, 18]
D+α = ∂−α , D
−
α = −∂+α + 2iθ¯
−α˙∂αα˙ ,
D¯+α˙ = ∂¯−α˙ , D¯
−
α˙ = −∂¯+α˙ − 2iθ
−α∂αα˙ , (4.9)
D++
A
= ∂++ − 2iθ+αθ¯+α˙∂αα˙ + θ
+α∂−α + θ¯
+α˙∂¯−α˙ (4.10)
where ∂±α ≡ ∂/∂θ
±α, ∂¯±α˙ ≡ ∂/∂θ¯
±α˙.
The N=(1, 1) twist operator F = exp (P) contains the nilpotent operator
P = −1
2
Cαβkl Q
k
α ⊗Q
l
β , P
5 = 0, (4.11)
where Cαβkl are the deformation constants. The operator P is Hermitian under the conju-
gation constructed from the transposition and conjugation (4.2)
P = −1
2
Cαβkl Q
l
β ⊗Q
k
α = P, Q
k
α = ε
αρεkjQ
j
ρ, (4.12)
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if the conditions Cαβkl = εαρεβσε
kiεljCρσij are satisfied.
The action of the operator P on the tensor product of superfields A andB is compatible
with the Z2 grading
PA⊗ B = −1
2
(−1)p(A)Cαβkl Q
k
αA⊗Q
l
βB. (4.13)
A non-anticommutative product in the corresponding deformed algebra S⋆(4, 2|4, 4) can
be defined using the equivalent formulas
A ⋆ B = A exp(P )B = µ ◦ exp (P)A⊗ B = µ⋆ ◦ A⊗ B (4.14)
where µ and µ⋆ are the bilinear maps for S(4, 2|4, 4) and S⋆(4, 2|4, 4), and P is the bidif-
ferential operator in [16, 17]
APB = −1
2
(−1)p(A)Cαβkl Q
k
αAQ
l
βB = µ ◦ P A⊗ B. (4.15)
The non-anticommutative algebras of the N=(1, 1) chiral or analytic superfields are
defined as subalgebras of S⋆(4, 2|4, 4) using the superfield constraints
D¯α˙kB = 0, or (D
+
α , D¯
+
α˙ )Λ = 0, (4.16)
which are preserved by the deformation operator exp(P ).
By analogy with eq. (3.23), each differential operator on the algebra S(4, 2|4, 4) cor-
responds to the operator on the noncommutative algebra S⋆(4, 2|4, 4), for instance,
̂¯Qα˙k ⋆ A = Q¯α˙kA,̂¯Qα˙k = ∂¯α˙k − 2iθαk ⋆ ∂αα˙ − Cαβkl ∂lβ∂αα˙. (4.17)
In the twist-deformed supersymmetry SUSYt(1,1), we can use the standard representation
of generators (4.5) on the primary superfields.
The deformed coproduct in SUSYt(1,1), ∆t(G) = e
−P∆(G)eP , can be easily calculated
on the following generators:
∆t(Q¯ǫ¯) = Q¯ǫ¯ ⊗ 1 + 1⊗ Q¯ǫ¯ + iǫ¯
α˙kCαβkj ∂αα˙ ⊗Q
j
β − iǫ¯
α˙kCαβik Q
i
α ⊗ ∂βα˙,
∆t(Tu) = Tu ⊗ 1 + 1⊗ Tu −
1
2
ulkC
αβ
lj Q
k
α ⊗Q
j
β −
1
2
ulkC
αβ
jl Q
j
α ⊗Q
k
β,
∆t(Lλ) = Lλ ⊗ 1 + 1⊗ Lλ +
1
2
λαβC
βγ
kl Q
k
α ⊗Q
l
γ +
1
2
λαβC
ρβ
kl Q
k
ρ ⊗Q
l
α,
∆t(O) = O ⊗ 1 + 1⊗O − C
αβ
kl Q
k
α ⊗Q
l
β . (4.18)
The deformation of the coproduct vanishes for the operator g = Qǫ+Pc+Rρ: e
−P∆(g)eP =
1⊗ g + g ⊗ 1.
The noncommutative ⋆-products of the N=(1, 1) superfields preserve the covariance
under the deformed transformations of SUSYt(1,1)
δˆG ⋆ (A ⋆ B) = −µ⋆ ◦∆t(G)A⊗ B = −G(A ⋆ B). (4.19)
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The deformed Leibniz rules for the ⋆-products are derived from formulas (4.18), for
instance,
δˆǫ¯ ⋆ (A ⋆ B) = −µ⋆ ◦∆t(Q¯ǫ¯)A⊗ B = −(Q¯ǫ¯A) ⋆ B + A ⋆ (Q¯ǫ¯B)
−i(−1)p(A)Cαβkj ǫ¯
α˙k∂αα˙A ⋆ Q
j
βB + iC
αβ
ik ǫ¯
α˙kQiαA ⋆ ∂βα˙B = −Q¯ǫ¯(A ⋆ B). (4.20)
The transformation δˆǫ¯ acts noncovariantly on the supercommutative product of super-
fields
δˆǫ¯ ⋆ (AB) = −µ ◦∆t(Q¯ǫ¯)A⊗ B = −Q¯ǫ¯(AB)
−i(−1)p(A)Cαβkj ǫ¯
α˙k∂αα˙AQ
j
βB + iC
αβ
ik ǫ¯
α˙kQiαA∂βα˙. (4.21)
It is easy to define the deformation of transformations for products of the N=(1, 1) com-
ponent fields using the corresponding Grassmann expansions of the superfield transfor-
mations.
In the special case of the singlet deformation [18, 19], the twist operator contains the
parameter I and the SU(2)×SU(2)L invariant constant tensor
Cαβkl = 2Iε
αβεkl ⇒ Ps = −IQ
i
α ⊗Q
α
i . (4.22)
The deformation corresponding to the operator Ps vanishes on the generators of the SU(2)
and SU(2)L transformations and remains only for the N = (0, 1) and O(1,1) generators
∆t(Q¯α˙k) = Q¯α˙k ⊗ 1 + 1⊗ Q¯α˙k + 2iI∂αα˙ ⊗Q
α
k − 2iIQ
α
k ⊗ ∂αα˙,
∆t(O) = O ⊗ 1 + 1⊗O − 2IQ
k
α ⊗Q
α
k . (4.23)
The degenerate N=(1, 1
2
) deformation in [16] corresponds to using the twist operator
Fdeg = exp(Pdeg), where the operator
Pdeg = −
1
2
CαβQ2α ⊗Q
2
β (4.24)
is Hermitian under the alternative pseudoconjugation (4.3)
(Qkα)
∗ = Qαk, (Q¯α˙k)∗ = Q¯kα˙, (C
αβ)∗ = Cαβ. (4.25)
In this case, the coproduct ∆t is deformed on the generators Q¯α˙2, L
β
α, O and T
l
k.
In [26], we considered the deformation of S(4, 2|4, 4) acting simultaneously in the
chiral and antichiral sectors of the superspace and using the pseudoconjugation (4.3).
This deformation corresponds to the twist operator F̂ = exp(P̂)
P̂ = −1
2
CαβQ2α ⊗Q
2
β −
1
2
C¯ α˙β˙Q¯α˙1 ⊗ Q¯β˙1 − B
αα˙(Q2α ⊗ Q¯α˙1 + Q¯α˙1 ⊗Q
2
α). (4.26)
It is interesting that an analogous twist operator can be used to deform the N=2, D=(3, 1)
superspace on the basis of the Minkowski space. The Hermitian symmetry of P̂ is pos-
sible in this case if the alternative conjugation is used in the central coordinates of the
N=2, D=(3, 1) superspace
(xm)† = xm, (θαk )
† = θ¯α˙k , (θ¯
α˙
k )
† = θαk , (4.27)
which breaks down the automorphism group SU(2) but is compatible with covariant
conjugation of spinors in the group SL(2,C) 3. Operator (4.26) deforms the coproduct on
3We note that the alternative and usual conjugations act identically on the SU(2) invariant quantities.
15
the generators of SL(2,C), U(2), Q1α and Q¯α˙2.
The differential operators (∂m, D
k
α, D¯α˙k, ∂/∂u
±
k ) satisfy the standard Leibniz rules for
all nilpotent deformations considered.
We consider the primary analytic superfields of the hypermultiplet q+, q˜+ and the
gauge multiplet V ++ [16, 17], which have the following noncommutative gauge transfor-
mations:
δΛV
++ = D++Λ + [V ++,Λ]⋆ , δΛq
+ = [q+,Λ]⋆. (4.28)
where Λ is the superfield gauge parameter. These superfields and their ⋆-products trans-
form covariantly in the deformed supersymmetry SUSYt(1,1)
δˆG ⋆ [V
++(z, u1) ⋆ V
++(z, u2)] = −G[V
++(z, u1) ⋆ V
++(z, u2)], (4.29)
δˆG ⋆ (V
++ ⋆ q+) = −G(V ++ ⋆ q+), (4.30)
where the generators G are given by eq. (4.8) or by the equivalent relations in the analytic
coordinates.
The gauge action of V ++ is defined in the full or chiral superspaces [16, 17, 18]. In
an arbitrary gauge, this action is invariant under the SUSYt(1,1) transformations. In
the analytic superspace, the superfield action of the hypermultiplets contains the integral
with the measure d4xA(D
−)4, and the simple example of the analytic density has the form
L+4⋆ = q˜
+ ⋆ (D++q+ + [V ++, q+]⋆) + λq
+ ⋆ q+ ⋆ q˜+ ⋆ q˜+. (4.31)
The deformed transformations of this superfield density are covariant in an arbitrary
gauge of V ++
(δˆǫ¯ + δˆu + δˆl + δˆa) ⋆ L
+4
⋆ = (ǫ¯
α˙kQ¯α˙k + u
l
kT
k
l + l
α
βL
β
a + aO)L
+4
⋆ , (4.32)
and the analytic-superspace integral of these variations vanishes. All superfield actions
using the ⋆-products in the non-anticommutative harmonic superspace [18, 19, 20] are in-
variant with respect to the transformations of the deformed supersymmetry SUSYt(1,1).
The free quadratic terms of these theories also preserve the undeformed N = (1, 1) su-
persymmetry.
The gauge superfield in the WZ-gauge defines the component fields of the vector
multiplet
V ++
WZ
= (θ+)2φ¯(xA) + (θ¯
+)2φ(xA) + 2(θ
+σmθ¯
+)Am(xA) + 4(θ¯
+)2θ+αu−kΨ
k
α(xA)
+ 4(θ+)2θ¯+α˙ u
−
k Ψ¯
α˙k(xA) + 3(θ
+)2(θ¯+)2u−k u
−
l D
kl(xA). (4.33)
The SUSYt(1,1) transformations of the quantity V
++
WZ
contain the standard terms with the
supersymmetry generators (4.8) complemented by the composite gauge transformations
(δˆǫ + δˆǫ¯) ⋆ V
++
WZ
= −(Qǫ + Q¯ǫ¯)V
++
WZ
−D++(Λǫ + Λǫ¯)− [V
++, (Λǫ + Λǫ¯)]⋆, (4.34)
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where the N=(1, 1) supersymmetry generators are considered in the analytic coordinates
Qkα = −u
+k∂+α − u
−k∂−α + 2iu
−kθ¯+α˙∂αα˙,
Q¯α˙k = u
+
k ∂¯+α˙ + u
−
k ∂¯−α˙ + 2iu
−
k θ
+α∂αα˙. (4.35)
The composite parameters of the N=(1, 1) transformations in the WZ-gauge are given
by
Λǫ = 2ǫ
−α[θ+α φ¯+ θ¯
+α˙Aαα˙ + u
−
l (θ¯
+)2Ψlα + 2u
−
l θ
+
α θ¯
+
α˙ Ψ¯
α˙l + u−l u
−
j θ
+
α (θ¯
+)2Dlj],
Λǫ¯ = 2ǫ¯
−α˙[θ¯+α˙φ+ θ
+αAαα˙ + u
−
l (θ
+)2Ψ¯lα˙ + 2u
−
l θ¯
+
α˙ θ
+αΨlα + u
−
l u
−
j θ¯
+
α˙ (θ
+)2Dlj], (4.36)
where ǫ−α = ǫαku−k ǫ¯
−α˙ = ǫ¯α˙ku−k . The deformed transformations of the vector-multiplet
components are determined from the Grassmann expansion of the transformations of
V ++
WZ
in (4.34). These transformations contain nonlinear gauge terms. The SUSYt(1,1)
transformations for the hypermultiplets are compatible with the transformation of V ++
WZ
(δˆǫ + δˆǫ¯) ⋆ q
+ = −(Qǫ + Q¯ǫ¯)q
+ + [q+, (Λǫ + Λǫ¯)]⋆. (4.37)
Additional terms with Λǫ and Λǫ¯ do not violate the SUSYt(1,1) invariance of the action
by virtue of the gauge symmetry.
The singlet D-deformation of the N=(1, 1) supersymmetry was considered in [16, 17].
This deformation corresponds to the alternative singlet twist operator constructed using
the spinor derivatives Dkα
(A ⋆ B)D = µ ◦ exp(PD)A⊗ B, PD = −JD
k
α ⊗D
α
k , (4.38)
where J is some constant. The Leibniz rules for the noncommutative product are now
deformed for the operator D¯α˙k
D¯α˙k(A ⋆ B)D = (D¯α˙kA ⋆ B)D + (−1)
p(A)(A ⋆ D¯α˙kB)D
−2iJ(−1)p(A)∂αα˙A ⋆ D
α
kB − 2iJD
α
kA ⋆ ∂αα˙B (4.39)
and for the O(1,1) generator, but this deformation vanishes for the remaining generators
of SUSY(1,1) and the spinor derivative Dkα.
The singlet operator PD (4.38) does not preserve chirality but does preserve anti-
chirality and Grassmann analyticity. The D-deformation is interesting for the general
objects of the superfield geometry in the N= = (1, 1) gauge theory [17].
5 Conclusions
We have analyzed the t-deformations of the Euclidean N=(1
2
, 1
2
) and N=(1, 1) supersym-
metries using the twist operators depending on the left supersymmetry generators. In
17
this approach, the coproduct in the universal enveloping supersymmetry algebra is de-
formed, and the Lie superalgebra remains undeformed. In the pseudolocal representation,
the deformed supersymmetry is covariantly realized on the noncommutative ⋆-products
of primary fields, while the t-supersymmetry transformations of the supercommutative
product of superfields depend on the deformation parameters. A map of the differen-
tial operators on the ordinary superspace to the differential operators in an arbitrary
representation of the deformed noncommutative superfields was constructed. In this rep-
resentation, the part of the t-supersymmetry generators is realized by the second-order
differential operators, and it therefore becomes evident that the corresponding transfor-
mations of the ⋆-product do not satisfy the usual Leibniz rule.
The covariance of the ⋆-product and the invariance of the superfield action using
this product are the main principles of the superfield formalism of the t-deformed the-
ories. The bilinear free terms of the deformed action are also invariant under the usual
supersymmetry. The deformation constants of the non-anticommutative superfield theo-
ries violate some initial (super)symmetries; however, these constants are compatible with
the deformed supersymmetries. The invariance of the superfield formalism under the
t-supersymmetry should be used to study the renormalizability of the deformed super-
symmetric theories. The formalism of deformations can be regarded as an interesting
analog of the spontaneous (super)symmetry breaking mechanism if the deformation does
not destroy the good quantum properties of the supersymmetric field theories.
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